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1 Introduction 

The rate of convergence of singular integrals has been studied in [9], [13], [14], [15], [7], [8], [4], [5], [6] 
and these articles motivate our work. Here we study the L p , p > 1, convergence of smooth Poisson- 
Cauchy Type singular integral operators over R to the unit operator with rates over smooth functions 
with higher order derivatives in L p (M). We establish related Jackson type inequalities involving the 
higher L p modulus of smoothness of the engaged function or its higher order derivative. The 
discussed operators are not in general positive, see [10], [11]. Other motivation comes from [1], [2]. 



2 Results 

In the next we introduce and deal with the smooth Poisson-Cauchy Type singular integral operators 
M r ^(f;x) defined as follows. 
For r £ N and n G Z + we set 

r(-l)^(pj-", j = i,...,r, 

r 

that is a j = 1- 

3=0 



1 
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Let / e C"(R) and /(") e L p (R), 1 < p < oo, a G N, /3 > ^, we define for x G E, £ > the 
Lebesgue integral 

Ej= aj/(g + J*) 

-oo (t** 

where the constant is defined as 

T (/?) af^- 1 



M r ,t(f;x)=W dt, (2) 



r(£)r(/?-£)" 



Note 1. The operators M r ^ are not, in general, positive. See [10], (18). 

30 i ' 

-OO ( t 2a + j2c«- ) 



We notice by W 2a \ 2a .$ dt = 1, that M r ^(c, x) = c, c constant, see also [10], [11], and 



/ [/(*+#)-/c> 



' dt I . (3) 



We use also that 



/■oo i fe [ 0, k odd, 

7,00 ( t 2a = \ C w-Vi a r ^^-^\ k even, with (3 > , 



see [16]. 



We need the rth L p -modulus of smoothness 



w r (/ (n U) p := sup ||Af/W(a;)|| PlX) /i > 0, (5) 

|t|<h 



where 



Af/W^) :=S(- 1 ) r_i ( J/ (n) (* + i*). (6) 

see [12], p. 44. Here we have that u r {f^ n \ h) p < oo, h > 0. 
We need to introduce 

r 

4:=Xi a ii fe . fc = l,...,n€N, (7) 
j'=i 

and denote by |_-J the integral part. Call 

r 

r^z) := ]T ajj n f^ (x + jw) - 6 n f^(x). (8) 

3=0 



l) r U- (9) 



Notice also that 

- d-d- (;)=<-, vo 

According to [3], p. 306, [1], we get 

r(w,x)=A r w f {n) (x). (10) 

Thus 

\\T{w,x)\\ p , x <U r {f W ,\w\) p , WER. (11) 
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Using Taylor's formula, and the appropriate change of variables, one has (see [6]) 



J2a j [f(x + jt)-f(x)]=J2 



2, /(*)( a 



3=0 



k=l 



-5 k t k + n n (o,t,x), 



where 



1l n (0,t,x) :-- 



(t-w) 



n-l 



o (n-l)! 



-t(w, x)dw, n e N. 



Using the above terminology we obtain for j3 > 2 ^| +1 that 



S ( 2 ™> ! r(£)r(/9-£) 



where 



,oo x 

K* n (x)-~W Tl n (0,t,x) xdt, neN 



( 



( 



In A(x), see (14), the sum collapses when n = 1. 
We present our first result. 

Theorem 1. Let p, q > 1 sucft i/iai 1 + 1 = 1, n € N, aeN, / ?> ^(|+ n + r ) awrf ^ e re ^ 
above. Then 



mx)\\ P < 



3l- lVt" T ; 

2 2a ^ ' 



1 w 

r (f ) ? r (£) » r (p - ±) (r P + 1)* [(« - 1)!] (<?(n - 1) + i)V* 



where 



< r := 



(1 + u 



rp+l 



,np-l 



-du 



(u 2a + l) pf3/2 Jo (u 2a + 1) 



.np-l 



\P/3/2 



du 



< CO. 



Hence as £ — > we obtain ||A(a;)||p — > 0. 

If additionally /( 2m ) e L p (R),ra = 1,2,..., [f J then ||M r ^(,f) - f\\ p -> 0, as £ -> 0. 

Proof. We observe that 



\A(x)\ p = W p 
<W P 

< w p 



f°° 1 

/ K n (0,t,x) 

J-oo (t 2a + 

\K n {0,t,x)\ 



i 



dt 



dt 



,7-00 JO 



1*1 -w)"' 1 
(n-l)! 



r(sign(t) ■ w, x)\dw 



dt 



(t 2 » + i 2a ) 



Hence we have 



/OO / />0O / />0O 

|A(a;)| p <fa; < W p I / 7 (i,: 



(i 2 « + £ 



(it dx , 



where 



lit 



,z) := / 
Jo 



(jfj -w)"" 1 
(n-l)! 



T(sign(t) • w, x) \dw > 0. 



( 



( 



( 
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Therefore by using Holder's inequality suitably we obtain 



J I 



j(t, x) 



( t 2a + ^ 



dt dx 



= W p ■ 



< W p 



(r(r yit , x} ^ 

W-oo W-oo lt 2a + £ 



V 

dt I dx 



oo / poo 



CO \ O —CO 



dt 



dt 



= W*-\( if 7 P (M)- 

I J-oo \ J-oc t 2a -4- P- 



CO / poo 



l P (t,x) 



CO \ J — CO 



(t?<*+e a y m 



dt 



dt dx 



oo ( t ^+e a ) qf3/2 



r (f ) a^" 1 



CO / /-CO 



CO \ «/ — CO 



r(¥)*r(£)r (/?-£)' 

Again by Holder's inequality we have 

(lo l \T{sign{t)-w,x)\ p dw) 



y(t,aO- 



1 



2a\P/3/2 



Y(t,x) < 

Consequently we have 



1*1 



np—1 



((n-iy.y 



(q(n - 1) + 1)p/9 ' 



R.H.S.(21) < 



r(f) 9 r(^)r(/3-^ 

T(atffn(t)-w,a;)|Pdtu) | t | 



CO / />OG 



CO \ •/ — CO 



np—1 



l 



((n-l)!)P ( g („_i) + i) P / 9 ^ 2a+€ 



2a\P/3/2 



dt 



= =(*), 



(calling 



Ci := 



^Mr(/?)fr(f -^) f 

r (f ) ? r (£) r (/? - ((« - i)!)*(«(n - i) + ' 
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and 



(*) = Ci 



ci 



ci 



ci 



«/ — c 



f 

J — c 



I np— 1 _ 



-oo \ JO 



1 



{t 2a + e 



da; (it 



da; (it 



<ci 

So far we have proved 
7 < ci 

By [12], p. 45 we have 



Jo / + ? 



(t 2 « + £ 2q ) 



2a\P/3/2 



J-oc\Jo J ( t 2a + ^ 



(It 



(R.H.S.(25)) < Cl (^(/^,0p) P ( /_°° ( J^' (l + jY dw 



rp \ | 
| t |np-l 



rft 



But we see that 



where 



(**)=(^) («r(/W,0,)V, 



^/ifr^r 1 - 1 )- ( ,2 Q+ ,2 r /2 



1*1 



np— 1 



fit 



= 2 



rp-\-l 



1 + - -1 f^" 1 - 



( t 2a + ^2ay 



-dt. 



Here we find 



J = 2^""^ /°° f (1 + «) rp+1 - l) u^- 1 

J0 V (U 2 « + 1) 



p/3/2 



du 



2C 



■p(n— ctj3) 



/ (i + u ) rp+1 

Jo 



np-1 



2a i 1 \P0/ 2 



(U 2a + 1) 



dw 



u np-l 



2a i nP/3/2 



{u 2a + 1) 



du 



Thus by (17) and (29) we obtain 



p(n-af3) 
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We notice that 



< t < 



f 

Jo 

f 

Jo 



Also call 

Then we can write 
h=K + 



K :-- 



(1 + u) rp+1 u n P~ 

(U 2 « + lf t3/2 

(1 + u) rv+1 (1 + uf^ 1 
{l + uf {n+r) 

(u 2a + 1)P /3/2 

1 (1 + u) p{n+r) 

( U 2 « + l) P/3/2 



du 



du =: 7i. 



(iu < oo. 



r°° (\ 4- ,AP("+ r ) r • ,,/'( » - ' 

A ( U 2« + If 3 / 2 il ( U 2« + l)P/3/2 



00 nP( n + r ) 



( W 2a + 1)P /3/2 



(W 2 « + If 



where 7 2 := Ji ( „" 0+r /2 - 

Since < we have (1+M2 l )Pg/2 < for u £ [1, oo). 

So we get 

/2<^ u p(n+r " a/3) dw = lim / „/'i" + '—>",/ 



_p(ri+r— a/3) + l _ ^ 



e-+oo (n + r — a/3) + 1 ,/ p(n + r — a/3) + 1 



-1 



which is a positive number since 

Consequently I2 is finite, so is I\, proving r < 00. 
Using (27) and (30) we get 

(**)=(^l) (^(/ (n) ^) P ) P 2^"-^r 

2a[r(/3)fr(f -^) f r 



(rp + 1) r (£) r (/3 - r (f ) ? ((„ - i)!) P ( g („ - 1) + iy/ 

I.e. we have established that 

2a[r(/3)fr(f -±)K 



< pn (u>r (f {n \ Op) P -(31) 



7 < 



(rp + 1) r (£) r (/3 - r (f ) ? «„ - i)i)p( g („ - 1) + iyh 

That is finishing the proof of the theorem. 

The counterpart of Theorem 1 follows, case of p = 1. 
Theorem 2. Let f G C"(R) and /W G Li(R),n G N, a G N, /3 > =^±i. T/ien 



• (32) 



l|A(a:)||i < 



1 



(r + l)(n-l)!r(£)r (/?-£) 

r+1 



(33) 



E 

k=l 



r + 1 
k 



2a 



r /3 



2a 



^(/ (n) ,0ir 
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Hence as £ — > we obtain ||A(x)||i — ► 0. 

If additionally /( 2m ) G Li(R),m = 1,2, ... , [f J then ||M r , s (/) - /l^ -> 0, as £ ^ 0. 

Proof. It follows 



|A(x)| = W 



f°° 1 
/ K n (0,t,x) 

J-oo t 2a + 



<iW |^„(o,i,x) 



(t 2 « + £ 
1 



(It 



dt 



(n-l)! 



-(sign(t) • w, x)\dw 



dt. 



Thus 



/OO 
|A(x)|dx<I^- 
-CO 

141 (|t| -w)™- 1 



oc / poo 



OO \ •/ — OO 



o (n-1)! 



r(sign(t) ■ w, x)\dw 



dt dx 



=: (*) 
But we see that 



y|t| 



i-i /■* 



(lil -w)"- 1 , , , . .. , lil 



Therefore it holds 



,,s ^/i(/i((^r i|T<si »" (t, '™ ,x,| ' i " 

/ / / \r{sign{t) ■ w,x)\d. 

,J-oo \J0 \J-oo 



\r(sign(t) ■ w, x)\dw. 



dt dx 



(t^+e a f 



< 



(n-l)\ 

w 
(n~Ty. 



x dw 



/ / Wr (/("),«,) 



(t 2Q + £ 



I.e. we get 



l|A(*)||i< 



W 



(n-1)! 
Consequently we have 

Ww r (/W,0i 



-OO \io 



Jo 



)\dw 



dt . 



\t\ n ' 



(t^+e a f 



dt 



l|A(x)||i< 



(n-1)! 
2£Wu r (/<">, 



oc / /* | i 



oo \ JO 



1 + j | r/ir 



^(r(( 



(r + 1) (n 

2r 63)ag 2a/ V (/W, Qi 
(r + l)(n-l)!r(^)r(/3- 



t n-l 



eft 



*(r(H 



(t 2 « + £ 

r+l 



2a \0 



fit 



j.n—1 



(34) 



(35) 



(36) 



(37) 



(38) 



- 1 



(t 2a + e 2a ) 



T dt . (39) 
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We have gotten so far 



where 



One easily finds that 



l|A(x)||i< 



A := 



2r(/3)< 2 "V(/("),Q 1 .A 
(r + l)(„-l)!r(5L)r (/?-£)' 



r+1 



xn — 1 



{t 2a + e 2a ) 



(40) 
(41) 



r + 1 \ / i 



Vfc=l 
r+1 



j.n—1 



dt 



*;=i 

r+1 



l\ /"°° ^n+k—l 



o (T 2 « + 



7 dT 



_ ^n-2a/3 



fe=l 



sir 



a- 



Where 



l|A(s)||i < 



00 dr _r(^)r(/3-^) 

o (T 2Q + if 



'r+1 

E 



T (/?) 2a 

r + 1\ ,_, / n + fc 
2a 



r /? 



2a 



(42) 
(43) 

(/ (n) ,0ir- 



( r + i)(„_i)!r(£)r(/3-£) L 

We have proved (33). ■ 

The case n = is met next. 

Proposition 1. Let p, q > 1 smc/i t/iai ^ + ^ = 1, a S N, /3 > ^r+^j and i/ie rest as above. 
Then 



l|M r , £ (/)-/|| p < 



g/3 L 

2 2a 



where 



0<6 



r(^)"r(/?-^)r(f) 5 

:= / (1+t)" 
Jo 



dt < oo. 



(t 2 « + l) p/3/2 

Hence as £ — > we obtain M r ^ — > unit operator / in the L p norm, p > 1. 
Proof. By (3) we notice that, 



(44) 



(45) 



M r£ (f;x)-f(x) = W 



W 



x+jt)-f(x)) 



[E«j /"(/( 

r (£«,•(/(*+#)-/(*))] 7 — 1 

,■00 / r r 

/ E a rf( x + j*) ~ E a lf( X ) 

/-«> \j=l j=l 



dt 



2 a \P 



dt 



dt 
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w (£ (g ( ( - ir J G) r ") /tT + *> - g ( ( - ir 1 GH /w ) FTrf 1 ! 

»'(/! (t ((-D-C)) /(I+Jt » - g (<- ir 'G)) '<*>) ^Te¥ dt 

"' w r rr( (-ir-'( r S) Hx+m + ( (-ir-°( r X\ /te+oo I ! — ^ 



-""£^'- 1 ^C) / " +jt) )(^Te=j»* 



( t 2a + 







And then 



(46) 

\M r ,df;x) - f(x)\ < W ( r \A r J(x)\ 1 -—pdt) . (47) 

We next estimate 

/OO />00 / />00 -I \ ^ 

\M rt6 (f;x)-f(x)\^dx< (Wf[ |A[/(z)|- —pdt ) dx 
-oo J —oo W— oo (t 2a + £ a ) / 

/OO / /'OO / 
/ |A[/(x 
oo \ J —oo \ 



v 

dt I dx 



Q 



oo l /*oo 



/( r x i / i i P / £^ — — 

/ \^m\ p 
oo \ J — oo 



dl I I r ^ 2 ^ I d.r 



■(A)r(¥-A) \ { r / r l_ 
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^ '— \ / |A[/(x)| p ^dx\dt 

r(^)r(/3-^) p r(f)^ 7 - V- (^ + ^) p/3/ ) 



v -4 / / lAi/wrrfx —^dt 



< v ; -4 / w r (/,|t|)P- rr^Ta* 

2a^- 1 [ r(/3)fr(f -^) f r ! 

= * l~\ u r (.f,t) p P z^dt 



t\ rp 1 



r(*)r(*-*L)'r(tf)* "'Jo V ^ 

V2 2 ;i Mf,od (i+^r— — ^tj- 

r(£)r(/>-£)'r(£)' ^ (T- + if^ 

2a[r(/3)frff i 



We have established (44) . 
We also notice that 



/' 

Jo 



AP/3/2 



< r (i+t)rp air* r—^—dt 

Jo (l + t 2a ) pP/2 Ji {l + t 2a ) pl3/2 

< /' (i+f)rp fl ., dt+2 r p r^-^dt 

Jo (l + t 2a ) pp/2 Ji 



-i 



n +t 2a\p/3/ 2 p (r - a/3) + 1 ' 
the last, since /3>^^r+|^,isa finite positive constant. Thus < 6* < 



We also give 

ZJ c earn e ft ^ 

2a 



Proposition 2. Assume [3 > It holds 



l|M r£ /- flN < , . 2 " r ^) ( [°° (l + t) r ,dt) w r (/,Oi- 

Hence as £ — ► we gef M^j — > 7 m f/ie Li norm. 
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Proof. By (47) we have again 



\M r ^f-x) - f(x)\ <w(r \/Y t f{x)\ 1 ——adt) . 

v-°° (t 2 « + e 2a ) / 



Next we estimate 



I" \M r ,s(f;x)-f(x)\dx< W ^ ( f X \^ t f{x)\- L.— ? dt]dx 



w / ° (f°° \A r j(x)\dx) _ 1 o , ,// 

-OO \J — CO 



1 7 dt 



F ( B) f 2a < 3 ~ 1 2a r°° 1 



' ! , ! Wr (/,£)i /°° (1 + t) r - 1 ^ dt. (50) 



r(^)r(/?-^)^'^7o v ; (^ + i)' 



We have proved (49). 
We also notice that 



r°° i 
< / (i + t) r ^— , 

Jo (t 2a ■+ 1 ^ 



dt 

(t 2a + If 



< 



/ (1+ v+/ 

Jo (t 2a + lf Jl 



(t 2 « + l) 

1 (1+t) 



/o (t 2 « + l) /3 (r-2a/3+l)' 

which is a positive finite constant. ■ 

In the next we consider / e C n (R) and /W e L p (R),n = or n > 2 even, 1 < p < oo and the 
similar smooth singular operator of symmetric convolution type 

M*(f;x)=W [ f(x + y) ^dy, for all x £ R, £ > 0. (51) 

./-oo (y 2Q + C 2a ) 

That is 



M((f; x) = W / (f(x + y) + f(x - y)) —^dy, 

for all x 6 ]R, £ > 0. Notice that M\£ = M^. Let the central second order difference 

(Alf)(x) := f(x + y) + f(x - y) - 2f(x). (52) 

Notice that 

(A 2 _ y f)(x) = (A 2 /)(x). 
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When n > 2 even using Taylor's formula with Cauchy remainder we eventually find 



n/2 



where 



Notice that 



{ Alf)(x)=2j2 l ^-y 2p + Tli(x), 
p=i ^ 



Mt(f;x)-f(x)=W (Ayf(x)) 



dy. 



(53) 

(54) 
(55) 



Furthermore by (4), (53) and (55) we easily see that 



roo r ry 

W / / (A?/W)(. 
Jo Ua 



H W r (E)r(/3-^) 

, (y - t)"- 1 ,1 1 

(n-l)\ J (^a + ^a^ 



(56) 



where [3 > ^11. 
Therefore we have 



|tf(a:)| < W 



o Vo 



A 2 /( n) 



(n-1)! y 



(57) 



Here we estimate in L p norm, p > 1, the error function K(x). Notice that we have u 2 (/'™\ h) p < oo, 
/i>0, n = 0orn>2 even. Operators M{ are positive operators. 



The related main L p result here comes next. 



Theorem 3. Let p, q > 1 s«c/i £/iaf i + i = 1, n>2 even, a£N,/1>^+n+2j and the rest 
as above. Then 



\\K(x)\\ p < 



where 



1/9 



r(/3) 



2"r (£) 1/p r (/? - £) r (f ) 1/9 («(„ - 1) + 1) v« (2p + 1) 



0<r = / f(l + 7i) 2p+1 -l) u f"- 1 rfu<0 o. 

io V / (l + u 2 «) p,3/2 

Hence as £ — > we gei ||i4r(x)|| p — > 0. 

If additionally /( 2m ) £ L p (R), m = 1, 2, . . . , § then ||M £ (/) - -» 0, as £ 0. 

Proof. We observe that 



(58) 
(59) 



i^(x)r<^ | K (£|A 2 .f (ri) 



Call 



(n-1)! y ( y 2a + ^2a-j/3 

7(y,x) := [ V \& t fM{xy b >- iy " 
Jo 



(n-1)! 



-rfi > 0, y > 0, 



(60) 



(61) 
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then we have 



\K(x)\*<W» y£^{y,x] 

Consequently 

/OO /-CO / /'OC 

\K(x)\ p dx <W P / 7(2/, x) 

-OO J —OG \J 



(y 2a + r 



-,dy 



w p 



f I f i{y,x)- - 

J -00 WO (y2a _|_ £ 



(by Holder's inequality) 



777T d y dx 



< W p 



= W p 



00 / poo 



00 \ JO 



1 



r(&)r(g-£)- 
2r (f ) a^- 1 



(?/« + e 2Q ) 

p/q 



p/3/2 



(y2« +e 2«) 
( 7 (y,x)f- L- 

- w<> (y 2a + £ 2a ) 



9/3/2 



p/q 
dy I da; 



00 / /* 00 



Wj2 dV dX 



00 / />oo 



1 



2?r(^)r(/3-^rr(f) 

= :(*). 

By applying again Holder's inequality we see that 



(j«\A*fM(x)\ p dt) 



i/p 



y 



Therefore it holds 

(*)< 



(n-1)! 

rr (/?)]" ^^"^(f -£) 



(q(n - 1) + l) 1 /? ' 
p/<? 



1 r (£) r (/3 - r (f ) P/9 [(« - i)!f («(« - 1) + 1)^ 



00 / poo / py 



00 \ JO \J0 



\&*fW(x)\>dt) V 



,,p("-l+s). 



2a , t2aNP/3/2 



(y 2a + £ 2a ) 



dy da; 



p/9 



(£) r (/3 - r (f ) P/? [(« - i)!f ( ? ( n - 1) + iyi 



00 / />oo / r-y 



We call 



/o 

: (**). 

C2 := 



00 VO 



\A 2 t f^(x)\ p dt)y 



„p(«-i+£). 



(y**+e a y m 



dx dy 



af3p-l r ( qfi_ 1_ 

1 1 2 2a 



p/q 



2 f r (£) r 03 - r (f ) P/ " [(« - W («(» - 1) + 



(62) 



(63) 



(64) 



(65) 
(66) 
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And hence 

(**) = c 2 

= c 2 
= c 2 
= c 2 



<C 2 



< 



f CC Of Wf^w*) dx ) yP(n ~ 1+lq) 

r(r(/i |A?/( " )w| S^)^v« + ^r /2 
r {[ U- ^tf^^-^) dt 



pn—l 



(v 2a + e a ) 
1 



1 



p/3/2 



dy 



dy 



oo / py / poo 



\JQ \J -oo 



\A 2 t f^(xWdx)dt 



pn—l 



(v 2a +e a ) 
i 



dy 



pn—l 



l 



2p 



I.e. so far we proved that 

A<caa; 2 (/W,0? 

But 



(y 2a + e 2a ) 



p/3/2 



(2/ 2 «+e 2Q ) P/3/2 



dy . 



°° / rv / t 
1 



2p 



R.H.S.(68) = ^i_. 2 (/(«),0^ (f ((* + f 



2p+l 



pn—l 



p/3/2 



1 



dy . 



Call 

and 
That is 

Therefore it holds 
A < 



M 



Jo 



1 + 1 



2p+l 



i y^- 1 - 



l 



(y 2a + e 



(y 2a + e 
dy, 



2a\Pl3/2 



dy 



2a\P/3/2 



V J (l + u 2a ) pP/2 



[T((3)rae n r(f-0 /q u; 2 (f^,O p P 



2? (2 P + 1) r (£) r (/? - r (f ) P/ " [(„ - i)!f ( g („ - 1) + 

We have established (58). 

The counterpart of Theorem 3 follows, p = 1 case. 
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Theorem 4. Let f e C n (E) and /(") £ Li(E), n > 2 even, a G N, /3 > TAen 



ll^)lli< 



6r(^)r(/3-^)(n-i)! 



+3r 



n + 2 
2a 



n + 2 
2a 



+ r 



n + 1 

2a 

n + 3 
2a 



rl/3 



n+ 1 
2a 

n + 3 



2a 



Mf {n) ,ZH n - 



Hence as £ — > we obtain \\K(x)\\i — > 0. 

If additionally /< 2m ) G Li(R),m = 1,2, . . . , f then ||M 4 (/) - 0, as £ -> 0. 



Proof. Notice that 

all x, t e E. Also it holds 



A?/(")(x) = A t 2 / (n) 



/CO ^OO 
\A 2 t f {n \x-t)\dx = \tf t f {n \w)\dw<u 2 {f {n \t) u all £ G E+. 
-oo »/ — oo 



Here we obtain 



il^wiii 



|-RT(a:)|cfe 



(57) 



oo / f-oo / py 



oo WO WO 



(y - i) r 



-eft 



< W 



w 



• I fOO / yfl— 1 /•?/ 



(n-l)!y 



A 2 /(")(x) 



(n-1)! 7 ( y 2a + ^/3 

1 



dy dx 



df 



(y 2Q + r a ) 



oo/ / />oc / />y 



(75) 



w 



oo \J0 

OO / / /'OO / />y 



A 2 /(")(x) 



dt I dx 



oo Vo 



(n-1)! ( y 2a + f<*f^ 



„n-l 



dy 



(76) z- 00 ( f ry \ 
< Wji (J w 2 (/ (n) ,*)idtj 



dx 



,,7l-l 



(n-1)! ( y 2a + ^/3 



dy 
dy 



o Wo 



1 + - efe 



(n-1)! (jto + ^Y, 

y n-l J 



dy 



£/ J ("-1)1 (y2«+£ 2 «) 



r(/?) a g" 
r(£)r(/3-£) (»-l)!3 



1 1 i. 



3(n-l)!( y 2a + ^2a^ , 
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T(/3)aC 





r (/5 - ^) («- 


1)!3 




r 






r (/5 - 2^) («- 


1)!3 




1 





(r 2 « + if 



6r(£)r(/J-£)(n-i)i 



- W2 (/("),0i ^°°(3y + 3y 2 + r 3 ) r 

w 2 (/ (n) ,0i ^ (3F" + 3F" +1 + r Il+2 ) 



-3r 



n + 2 
2a 



r [p- 



n + 2 
2a 



3T 

+ r 



n+l 



2a 

n + 3 



2a 



rf/3 



n+ 1 
2a 
n + 3 
~ 2a 



W 2 



(/ (n) ,Oir 



(77) 



We have proved (74). ■ 

The related case here of n = comes next. 

Proposition 3. Let p, q > 1 suc/i f/iai ^ + | = 1, a e N, /3 > ^ ^2 + ^ and f/ie rest as above. 
Then 

l|M c (/)-/|| p < " 



1/9 



where 



2^(^) 1/p r(/3-^)r(f) 

/■OO 

°<p : =J o (i + .</r — — -/ * 



pi 



( y 2« + 

Hence as £ — > we obtain —* I in the L p norm, p > 1. 
Proof. From (55) we get 



|M£(/;s) -/(*)!* - ir"( / A 2 /(, i 

We then estimate 

|M € (/;a;)-/(a:)|Pda:< W 



(78) 



(79) 



(y2« 



-,dy 



(80) 



OC / /■OO 



w p 



OO / POO 



Km 



1 



oo \ JO 



(y 2a + e a f 

i 



dy dx 



\,f( x ) 7TT7 3T7^2/ dx 



< ((r (i^wi )'*) ' (f (<^p )'*) ') 
- H -"£ ((r i^>r^?^*) (r ^i^*) ') * 

V° V— (y 2a + £ 2a ) / J \ 2r(f)a£^- 1 J 
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~2fr(^)r( /3 - 5 Lrr(f) P/9 

/ / \A 2 y f(x- y )\ P dx 

JO \J-oo 



< 



< 



[r {(3)] p aC fip ~ 




1 \ P/Q 
2a J 


2 f r(^)r(/5 




(ff 


[r {p)] p aC 0p ~ 


^(f - 


1 \ P/q 
2a J 


2 f r(^)r(/5 




(¥)'" 


[r {p)] p ae 0p - 


i r ( f _ 


1 \ P/q 
2a J 


2 f r(^)r(/3 


- -^) p r 

2a) L 


(¥)'" 


[r {/3)} p aT 


(^2 ~ T~ 




2-r(&)r(/3 


2a I L 


(*)"' 



/>oo 

/ "2 (/,»)* 
Jo 



dy 



( y ^+e a ) f3p/2 



2p 



dy 



"2(f,0 P P (l + Y) 2p - 
Jo 



(y 2a + e a ) 
1 



(3p/2 



dy 



(y2a _|_ ]A0P/ 2 £Ctfip 



U2 



r-OO 

/ (i 

Jo 



y) 



2p 



2a i 1 \/%>/2 



(y 2a + 1) 



dy. 



The proof of (78) is now completed. 

Also we give 
Proposition 4. For a € N, (3 > it holds, 



\\M 6 f -fh< 



i , r(i)r(/j-i) r(&)r(/3-&) 



.2 r(£)r (/?-£) 2r(£)r (/?-£) 

Hence as £ — > we get — > / m t/ie Li norm. 
Proof. From (55) we have 

1 



w 2 (/,0i- 



|M € (/ ;a; )-/(x)| <W 



2a\0 



{v 2a +e a ) 



dy). 



Hence we get 



/OO POO i POO i \ 
\M s (f;x)-f(x)\dx<W / \Alf(x)\- —pdy)dx 



= w 



OC / fOC 



\Klf{x)\dx 



{y 2a + i 



2a\P 



dy 



(y 2a + e a ) 
1 



= W r (f°° \Alf(x-y)\dx)- 1 

/>oo / />oo 

= W / / lAj/^ld 

JO \J-oo 

r°° l 

< W / w 2 (/,»)i 
Jo 



(2/ 2Q + e 2a ) 



(y 2a + e a f 

dy 



2a\$ 

dy 



dy 
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<WU2(f,Z)l 



1 + 



dy 



z^dx 



f°° 1 

r(/3)g .... f ,^ 1 
i , r(i)r(/3-i) , r(&)r(/3-&) 



.2 r(£)r (/?-£) 2r(£)r(0-£) 

We have established (82). 



w 2 (/,0i- 



(84) 
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